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PHOTOGRAPHIC SHARPNESS AND RESOLVING POWER! 
By FRANK E. ROSS 
ABSTRACT 


Photographic sharpness.—The paper begins by summarizing the more important 
relations between the fundamental photographic variables. It is found experimentally 
that for a considerable range of exposures the diameter A of an image is A=a+2« 
log t; or A=a’+2 x«’ log J (though the Greenwich equation At =a’+-0’ log ¢ holds over a 
range 30 times greater). The constant « is called the turbidity and is very nearly equal 


to x’, ihe ratio being Schwarzschild’s coefficient . The author derives the follow- 
ing formula for the intensity at various distances x from the edge of an image: log J= 
log I,—x/x’, which is merely Beer’s law for a homogeneous medium with extinction 
coefficient 1/x’; and sharpness, defined as the rate of change of density with x, is 
shown to be equal to the ratio of the contrast function y tox. While actual measure- 
ments of the variation of sharpness with wave-length and with time of development prove 
this theoretical expression for sharpness to be but a first approximation, the equation 
indicates that to secure sharp images emulsions with both high contrast and low 
turbidity should be selected, also those whose characteristic curves have a small “‘toe.”’ 
Various secondary factors which affect sharpness are discussed. Tugman’s method 
of measurement was improved and extended to densities of about 3. 

Resolving power of a photographic plate is shown to vary with the sharpness S and 
with the grain size d according to the theoretical formula: R=250 S/(a+bd?)§. As an 
illustration, physical development of a Seed 23 plate gives images with one-fifth the 
sharpness obtained by chemical development, yet the grains were so much smaller 
that the resolving power was 20 per cent more. The theory also explains observed 
variations with time of development and with wave-length, the effect of intensification, etc. 
By taking pains to secure fine grains, the resolving power of a wet collodion plate may 
be made almost equal to the theoretical maximum for the lens used. It is suggested 
that astronomers are inclined to overestimate the advantage of small grain-size; for 
the true resolving power of some coarse-grained emulsions is far ahead of that obtain- 
able with large telescopes. As a rule, what is needed is rather higher speed than 
better resolving power. 


* Communication No. 90 from the Research Laboratory of the Eastman Kodak 


Company. 
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Before developing the general subject of photographic sharpness 
and resolving power, it will be necessary to define a number of 
terms current in the literature of scientific photography and to 
state the most important of the laws governing photographic 
action. 

Fundamental in the theory of photography is the relation 
between photographic effect and light-intensity and exposure-time, 
concerning which only a few essentials will be given here. The 
photographic effect is usually taken as the blackening of the 
emulsion and is measured by its transparency 7, obtained with a 
suitable photometer, illumination being by completely diffused 
light. Itis customary to employ instead of 7 a derived quantity D, 
called density, related to T as follows: 


D=\log,.0, (x) 


where O is the opacity, defined as the reciprocal of the transmission 
T. The advantage of employing D is that it is proportional to 
the mass of developed silver; furthermore, it is proportional to 
visual sensation, i.e., an arithmetical series of densities appears 
equally spaced in apparent brightness. 

Assuming the validity of the reciprocity law, the stimulus is 
taken as the product of the light-intensity J and exposure-time ¢. 
It is designated briefly as exposure E. 

With a given plate or emulsion, a given developer and tempera- 
ture, and a given quality of illumination, the relation between D 
and log E is as shown in Figure 1, which gives the curves for two 
similar and similarly exposed plates developed three and six minutes 
respectively, in a pyro-developer. It is seen that the relation is 
nearly linear over a considerable portion of the curves. The slope 
of the straight portion is designated as y and is a measure of the 
contrast quality of the plate. It is found to increase with time of 
development in accordance with the relation 


Y=Yx~(I-e-”). (2) 


a is a parameter measuring the velocity of development; y,, is the 
maximum value of y obtained from infinite development. The 
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curve for infinite development obtained by calculation from equa- 
tion (2) is shown in the figure. 

The curves in Figure 1 are designated ‘‘ characteristic”? curves 
or “H. and D.” curves, named after Hurter and Driffield, who 
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Fic. 1.—Characteristic curves of a photographic plate 


developed the system of expressing the relations in this form. In 
theoretical investigations it is sometimes desirable to be able to 
write down the equation of such curves. The equation proposed 
by Hurter and Driffield, namely 


D=p logylO—(O—1)e-#"] (3) 
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containing three parameters, p, O, and gq, has been found to fit curves 
actually obtained fairly well. A discussion of this and other 
formulae will be found in a paper by the writer." 
1. GROWTH OF IMAGES WITH EXPOSURE 

This subject will be treated first, as it is fundamental and the 
basis of many of the developments which follow. Any investi- 
gation into the photometric properties of the photographic plate 
depending on size of image, or of the properties of resolving power 
and sharpness, must start from the assumption of a definite distri- 
bution of light at the edge of an image, which diminishes outward 
in accordance with laws determined by the physical characteristics 
of the emulsion, such as size, density, and number of grains, their 
reflecting power, and the opacity of the grains and the gelatine. 
The color of the incident light is of importance also in determining 
the distribution. It will be provisionally assumed that the relation 
between the density of the silver deposit and light-intensity or 
exposure which holds over “macro’’-regions of the plate will hold 
over ‘‘micro’’-regions. ‘This provisional assumption is necessary 
for the mathematical development of the subject. Deviations 
from this postulate may be classed as secondary phenomena, of 
which there are many in photography. In fact, the main diff- 
culties of a mathematical treatment of the subject lie in these same 
secondary phenomena, as will be seen. 

Let the relation between the light-intensity J and the distance x 
from the geometrical image edge be put in the general form 


log = (2), (4) 


where J, is the light-intensity uniformly distributed over the geo- 
metrical image, and ¢ is an unknown functional form to be deter- 
mined. Let, further, the relation between photographic density 
D, intensity J, and time ¢ be given by 


D=F (log I), (5) 


*“On the Relation between Photographic Density, Light-Intensity, and 
Exposure Time,” Journal of the Optical Society of America, 4, September 1920. 
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where F is a functional form which it is not necessary to specify 
at the present moment. Schwarzschild’s law is assumed to hold. 
In writing logarithms in (4) and (5) the tacit assumption is made 
that it is only the sensation-measuring function of J, namely log J, 
which enters into the problem. Differentiating (5) gives 


5D=F' (log I1*)6 log It?. (6) 


It is found experimentally that an image increases in size when J 
or ¢ increases. In measuring a succession of such images, the edge 
limiting the image is always taken at a point of constant or fixed 
density, varying perhaps for different observers. Therefore J, 
and x, or ¢ and x, must vary subject to the condition that D=o. 
Hence, since F’ cannot be zero, 


5D=6 log Ii?=o. (7) 


Assume ¢ constant and J, variable. Substitute (4) in (7) and 
reduce: 


do. _ 
quot t log I,=0. (8a) 


Assume ¢ variable and J, constant. ‘There results in this case the 
similar equation 

1 
ae bx+ p-d log t=o. (8b) 
ax ' 


(8a) and (8d) lead to the following equations for ¢: 


dp _ — 

dx dx’ (92) 
d log I, 

dg _ a 

dx dx ~ (96) 
d logt 


It is found experimentally that for a considerable range of 
exposure the diameter A of an image is given by the equations 

A=a’'+ 2x’ log I,, (10a) 

A=a-+ 2k log 7; (108) 
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whence, since by definition 6A = 26x, 


dx , dx 
=K: =K 


d log I, 7 d log i 


Substituting these values in (9) gives: 


dp _ _s. dp _ _ 
dx x’? dx x’ 
Integration gives: 
g=—ixte; o=—P rte. (oe) 
K K 


Substituting the form thus given for ¢ in (4) leads to the required 
expression for the distribution of light at the edge of an image, as 
follows: 

I 


x =—=9 


I=Ie* ; JI=Ie*. (12) 


In order that the two values of J shall be identical it is necessary 
that 


p=k ‘¢ 


Measurements of stellar disks thus afford a means of determining 
Schwarzschild’s coefficient ». Another method of finding p is to 
determine the ratio of the gammas in the H. and D. curves obtained 
by varying time and intensity separately. From a brief series of 
measurements recently made by the writer on artificial stars, a 
value p=1 was found. Further work is in progress. 

It is tacitly assumed in equation (4) that in the region surround- 
ing the edge of the image the light-intensity does not vary downward 
in the emulsion. The problem has virtually been treated as uni- 
dimensional, whereas strictly the problem is a two-dimensional one. 
The intensity J considered above must be taken to be the average 
or the mean value of the intensity at the distance x from the edge of 
the image. ‘That this is a fair approximation to the true condition 
will be evident from Plate VIII, showing a series of magnified sec- 
tions of sharp slit-images of various exposures and strength of devel- 
opment. At any given distance from the true edge (dotted line) 
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there does not appear to be any considerable variation of density 
of deposit with depth. Figure 2 shows, on the other hand, a 
drawing of sections of equiluminous surfaces a to g as they are 
imagined to lie. They will vary in position and shape with the 
relative value of the turbidity of the emulsion and the adjustment 
and perfection of the optical system. Starting at the edge of the 
image the equiluminous surfaces have a comparatively small 
inclination to the horizontal, which increases on passing outward, 
until at g the surface becomes nearly perpendicular to the surface 
of the emulsion, thus approximating the conditions laid down in the 
formula. It is manifestly impossible to treat the problem with 
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Fic. 2.—Probable form of equiluminous surfaces in an emulsion 


mathematical rigor on account of the unknown relative value of 
the various factors. In correlating this drawing with the actual 
sections just shown, allowance must be made for the fact that the 
sections are swelled, the vertical scale being about ten times the 
horizontal. 

The formula which has been derived for the distribution of 
light outward from the edge of an image 


I 


I =I =" 


is seen to be nothing more nor less than Beer’s law for light-intensity 
within a homogeneous medium, with extinction coefficient -; 
K 


If, however, the light-distribution in the film in a direction 
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perpendicular to this, i.e., perpendicular to the surface of the film 
within an image and some distance from any edge is considered, 
it is quite likely that a different law will be found to hold. This is 
due to the fact that the diffuse and specular transmissions of an 
emulsion are very different, the diffuse transmission being higher, 
so that the upper layers of an emulsion illuminated by specular or 
nearly specular light transmit proportionally less than the lower 

layers which are illumi- 


ws 






1d nated from the layers 
. above by completely 

o. diffuse light. The same 
reasoning can be applied 

_ to the distribution out- 
“ward from the edge of 

120 an image, so that Beer’s 
3 law should be found not 
1} & 9 “ to hold. However, in 
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effects of diffraction 
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words, the flux at any 
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Fic. 3.—Scheiner’s and Greenwich formulae com- pone in the emulsion 
pared with measures. outside the true image 
is a combination of flux 
from the image transmitted through the emulsion with the flux 
from the surface depending on the optical system. Appar- 
ently combination of the two effects leads to the very simple 
distribution of Beer’s law. But Beer’s law is only an approxi- 
mation, as will now be shown. Figure 3 gives a series of diameters 
of star images, plotted against logarithm of the exposure-time as 
abscissa. ‘The images are of an artificial star made with a lens of 




















PHOTOGRAPHIC SHARPNESS AND RESOLVING POWER 209 


6 inches’ focal length, the focus being very accurately adjusted. 
It is seen that the straight-line relation between A and log ¢, 


A=a+6 log ¢ (Scheiner’s formula), (13) 


which has been found above by mathematical reasoning to be true 
provided the distribution of light is according to Beer’s law, holds 
only for a limited range of exposure. ‘The same series of diameters 
has been plotted on the diagram according to the Greenwich 
equation 

Ai=a’+0’ log #. (14) 


It is seen that in this case the straight-line representation is nearly 
perfect. The following conclusion can be drawn: 

Making allowance for continuation of the curves backward to 
threshold diameter, for which A=o.022 mm approximately, it 
appears that the Scheiner formula holds over a range of exposure- 
times of approximately 1 to 500. On the other hand, the Green- 
wich formula is seen to hold over a range of approximately 1 to 
15,000, or 30 times greater. For most purposes, however, the 
Scheiner or, as it is otherwise called, the Charlier formula, is 
sufficiently accurate, so that Beer’s law can be applied to the light- 
distribution outward from the edge of an image without serious 
error. This is of great advantage as it allows of the further theo- 
retical development of the subject of sharpness of image and of 
resolving power along comparatively simple lines. 

Referring to Figure 1 it is seen that over a considerable range of 
exposure the following linear relation holds: 


D=a-+y log E. (15) 


This is seen to be of the same form as (13). From analogy the 
writer proposes the term “astrogamma”’ (I) for the coefficient 6 in 
equation (13). Expressed in words, astrogamma is the log exposure 
rate of increase in diameter of stellar images, just as in photographic 
literature y is the log exposure rate of increase of density of silver 
deposit. If the unit of exposure is taken as one stellar magnitude 
we should have 
astrogamma (T)= 2.50, 
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so that in this case astrogamma would be defined as the increase in 
diameter of a stellar image for unit increase in stellar magnitude. 

Figure 4 shows a series of three curves of light-distribution 
at the edge of sharp slit-images which were obtained by contact 
printing. ‘The slit is formed of two inclined steel knife-edges very 


a ; I 
accurately ground and adjusted. The necessary factors — were 
K 


obtained by making use of equation (10); » is assumed equal to 
unity. Monochromatic light of wave-lengths 4000, 4800, and 
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6400 was employed. The diminution of visual sharpness with 
increasing wave-length is clearly shown. At 1o yw from the edge 
the light-intensity for red light has been reduced to 0.39 J,, for 
blue light to o.26 /,, and for violet light to o.09g/,. The effect 
of wave-length on photographic sharpness will be shown in Section 2. 


2. SHARPNESS OF THE PHOTOGRAPHIC IMAGE 


The sharpness of a photographic image is definable by the 
equation 
_dD 


= dx’ 


(16) 


where D=density and x is measured from the edge as origin in a 
direction perpendicular to the edge. Since visual sensation is 
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proportional to D, the rate of change of D as the edge of the image 
is passed over is clearly a logical mathematical definition of the 
subjective phenomenon of sharpness or, in other words, is an 
expression for the sensation of sharpness. 

The developments in the preceding paragraphs have shown 
that D is a known function of light-intensity (3) and that light- 
intensity can be expressed as a function of the distance from the 
true edge (12). J. being the only intermediary variable, we 
accordingly have 
_dD_ dD . dlegI 


™ dx dlogI dx 


It is convenient to express J in common logarithms, as follows: 


I 


——x —-2 
lT=I,30 © orl=I,zo * : 
b] 


which gives on differentiation 


dlogI_ pp. 
dx ~—s kx’ 
also 
dD Y 


dlogywl p’ 
where ¥ is the contrast factor or gamma, assumed to be obtained 
by increasing exposure-time. ‘The maximum sharpness is then 


Sm=—-~Y. (17) 


It is instructive to look at the matter from a different point of 
view. The characteristic curve of an emulsion is obtained by 
making a change of variable in (3) as follows: 


é=log Jt, or log 7= — log t+, (18) 


£ being the new abscissa. But the transformation made to obtain 
the curve of sharpness is of exactly the same form, namely, 


als p 
I=I,10 * , crlogIl=logI,—“x. (19) 
K 
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Comparing (18) and (19) it is seen that the characteristic curve of 
the emulsion, the D:£ curve, is exactly the same as the curve 
of sharpness, the D:x curve, the only difference being that the 
abscissae have been compressed by the factor ‘ . The curve is also 
reversed, through the negative sign in (19). This leads to a simple 
rule for determining the sharpness in any case. Mark on the char- 
acteristic curve a point where the density is equal to the density of 
the image whose sharpness is to be determined. Find the maximum 
slope of the curve below this point, ym. The required sharpness is 
then 
sa tm P_Ym 

” « £ 
For low densities, on the ‘‘toe”’ of the characteristic curve, it will 
be necessary to replace y by the average value of the slope obtaining 
below the point considered. As a further corollary, to obtain the 
complete curve of sharpness for any exposure, mark off the given 
exposure on the X-axis and draw the ordinate. That portion 
of the characteristic curve lying within this ordinate, compressed 
horizontally by the factor : , will be the required curve of sharpness. 
It will be instructive to study a practical example. 

A series of contact prints of the narrow slit already described 
were made on a photographic plate, using light of wave-length 
4800 A, each exposure-time being double the preceding. The 
plate was developed toa y of 1.65. The rate of growth of the slit 
was measured, from which the distribution of light was obtained 
in accordance with the foregoing theory, as follows: 


I[=I,107~ °5°?*. 


It is of interest to note that according to this formula, assuming 
p=1, the light-intensity at a distance of 5 uw or 2 grain-diameters 
from the geometrical edge is reduced to 51 per cent; at 17 y, it is 
10 per cent; at 35 uw, it is 1 per cent. 

It is necessary to give a numerical value to the parameter O 
in (3). This was taken as 100, a value which fits the average 
emulsion. For y=1.65, it is found that p=1.90. Defining O=qlt 
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the value Q, of Q for the lightest exposure was chosen Q,=0.001. 
The values for the succeeding curves were 40>, 16Q., 64Qo, 

264144V0.. The computed curve: of density-gradient and their 
relation to the geometrical edge are shown in Figure 5. It is seen 
that for light exposures the density-gradient or sharpness is low, 
and that even for the useful density of unity, the sharpness is only 
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Fic. 5.—Theoretical sharpness curves 


70 per cent of the maximum. The formula for sharpness (15) 
which is usually given is therefore true only for high densities, 
if (3) is correct, and is seen to be considerably in error in the useful 
cases of moderate densities of the image, which are the rule in 
cases of high resolving power. But in the case of most emulsions 
the slope of the characteristic curve is greater for low exposure than 
the H. and D. equation (3) indicates. This means that the formula 
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for sharpness S = —"7 is correct over a wider range of exposures 
than the formula gives, which is borne out by measurements of 
sharpness. 

The foregoing developments indicate the type of emulsion 
which should be used to secure sharp images. First, it must be 
one of high y and low turbidity x. Second, it should belong to 
type A, Figure 6, having a minimum amount of “toe.” For in 
cases that arise in practice the density of images is low, generally 
less than unity, so that it is very important that a maximum slope 


a4 











" @ o is 20 23 30 


Fic. 6.—H. and D. curves for two emulsion types 


of the characteristic curve should be reached at a comparatively 
low density. For this reason emulsions of type B, Figure 6, are 
quite unsuited to give sharp images. 

Measurement of sharpness.—So far as the writer is aware the 
only measurements of sharpness of image so far made are by 
O.Tugman.' Heused two distinct methods: (a) a Koch registering 
microphotometer, and (b) projecting a highly magnified image of 
the edge to be measured upon the nose of a Kénig-Martens pho- 
tometer over which narrow slits are placed. The basis of the two 


t Astrophysical Journal, 42, 331, 1915. 
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methods is the same, a microscope being employed in each case 
to produce a magnified image. In collaboration with Dr. P. G. 
Nutting, the writer has developed and perfected the second method 
used by Tugman. Largely because of scattered light, the methods 
used by Tugman were incapable of measuring densities greater 
than about 1.2, all higher densities registering the same value. 
This lack of sensitivity is a serious drawback to accurate measure- 
ment of density-gradient. The improvements designed were in 
the direction of increasing the sensitiveness. Success was attained 
to such a degree that it is now possible to measure with the per- 
fected set-up densities up to about 3.0. This was attained by 
using an arc as the source of illumination; by replacing the high- 
power microscope-objective having many air-glass surfaces by one 
of lower power with few free surfaces; by removing the eyepiece of 
the microscope, obtaining magnification by an increased “throw’”’; 
and lastly by compressing the magnified image in the direction of 
its length by means of a cylindrical lens. The instrument will be 
more fully described in another paper. On account of the effects 
of residual scattered light, and the fact that illumination is by 
specular light, it is necessary to calibrate the instrument to read 
diffuse densities.. This is easily done by comparing a series of 
densities measured on a K6nig-Martens photometer, using com- 
pletely diffused illumination, with the same series measured on the 
microphotometer. 

It is only possible to touch briefly upon the many problems 
arising in the use of the microphotometer, the results so far obtained 
and their interpretation. Perhaps the most important of the many 
series of measurements so far attempted has been the determination 
of the sharpness of images made with light of different colors, or, 
in other words, determination of the curve of sharpness-variation 
with wave-length. Plate IX shows a series of edges printed by 
contact in the manner already described, using panchromatic emul- 
sion, exposure being to light of wave-length 4000 A to 7000 A. 
The variation of sharpness is strikingly apparent. The original 

? There is a difference in measured densities, depending upon the character of the 
illumination, whether by specular, by diffuse light, or by a combination of the two. 


The ratio of specular to diffuse density, which is greater than unity, reaches in some 
cases a value of 1.5. It is generally called g. 
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images, of which there were ten at each wave-length, were measured 
on the microphotometer. The resulting sharpness, expressed as 
the fall of density (diffuse) in a distance of one micron, is shown in 
Figure 7. 

At this point the opportunity presents itself to “check up” on 
the theory developed in the preceding paragraphs. For it is by 
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Fic. 7.—Variation of sharpness of edge with wave-length 


no means certain that in a region only a few grains wide the photo- 
graphic action will follow and record the extreme range of light- 
intensity which exists in this limited space. We know from other 
considerations that it will not, at least that there are secondary 
effects which modify the main phenomenon. But the develop- 
ments of the present paper are concerned principally with primary 
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actions, with deriving the laws of the fundamental or basic phenom- 
ena. ‘The continued and complete development of the subject 
must deal with secondary phenomena as well; indeed sufficient 
mention will be made of them in what follows to show that there 
is a wide field for their study. It was proved above that for high 
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Fic. 8.—Variation of turbidity and contrast with wave-length 


densities, such as occur in the contact images whose edges have 
just been measured, the sharpness is given by 


y can be measured in the ordinary way. It was shown above how 
to measure x. Both are found to be functions of wave-length, 
as will be seen from Figure 8, in which the results of measurement 
are plotted. Combining the two curves according to the foregoing 
formula gives what can be called a theoretical sharpness-curve. 
This has been plotted on the same diagram with the measured 
sharpness-curve (Fig. 7). The agreement of the two curves is 
sufficiently close for the conclusion to be drawn that the primary 
action is as imagined and lends itself to a simple mathematical 
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treatment. ‘The wide difference between the two curves in the 
red is especially marked. This is a point which requires clearing 
up, for which more data will be needed. Determination of the 
contrast or y in the red end of the spectrum appears for some 
unknown reason to be subject to very great uncertainty, variations 
of as much as 50 per cent being found in the same emulsion for 
definite wave-lengths in the red. It is quite probable that the 
disagreement of the two sharpness-curves in the red portion of the 
spectrum is related to this uncertainty or instability in contrast. 
Disagreement in the violet end on the other hand is probably due 
to other causes, of which the chief is “‘reciprocity”’ failure. 

The first extensive investigation undertaken with the microphot- 
ometer was the measurement of the sharpness of knife-edge images, 
exposed to A 4400, the plates being developed in many different 
kinds of developers for various times. ‘The work as a whole is to 
be repeated as a check before detailed results are given. Labora- 
tory tests on resolving power showed a variation of resolution 
depending on developer and time of development. It was con- 
sidered that a parallel variation should occur in sharpness of image. 
The relation of resolving power to sharpness of image will be taken 
up in the next section. Equation 17 shows that sharpness S$ 
depends upon developer only to the extent that y or contrast 
depends upon the developer. From measurements so far made, 
however, it appears that this is not the whole story, that there are 
secondary effects entering which modify the main phenomenon. 
For example, while it has been found that, for the same developer, 
S increases with the degree of development, y, at least for heavy 
densities, the relation is not linear as it should be according to (17). 
If upon repetition this should be verified it would be but another 
case of the action of secondary phenomena, the explanation of 
which is to be sought in the byways of photographic theory. 

It will be useful from many points of view to give the details of 
one series of measurements of sharpness of image. The degree of 
accuracy to be expected in work of this kind will thus be made 
apparent. A series of knife-edge contact prints on a standard 
emulsion were made with exposure to light of wave-length 4200 A. 
‘Ten exposures were made on each of three strips. The strips were 
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developed for three-fourths minute, one and one-half minutes, 
and three minutes, respectively, in caustic hydroquinone. The 
exposure-time for the images on each strip was so chosen that the 
density developed to approximately unity in all cases. The edge- 
gradient of each image was measured with the microphotometer 
at a magnification of 208 (the slits over the nose of the Kénig- 
Martens photometer are o.55 mm wide). Each edge was measured 
twice, at different portions of the edge. There are thus twenty 
curves of edge-gradient for each development time. The individual 
values are given in Table I. 
TABLE I 


MEASURED EpDGE-GRADIENTS S 





THREE-FOURTHS ONE AND ONE-HALF THREE MINUTES’ 
| MINUTE’S DEVELOPMENT | MINUTES’ DEVELOPMENT DEVELOPMENT 
| y=0.71 y=1.16 y=1.48 
IMAGE a ed ote a —_ 
First | _ First | _ First 
Measure Repeat | Measure- Repeat | Measure- Repeat 
ment ment | ment 
3.23 2.78 2.63 3-03 2.23 3-03 
2 2.43 2.78 2.92 2.38 3.23 2.904 
3 5.33 2.78 2.86 3.03 S02 7 2.04 
4 ‘2 3.03 2.38 2.22 | 2.38 2.78 
5 4.00 £52 3-33 2.63 | 2.63 2.63 
6 s. 2 2.63 2.86 2.78 | s.a3 3.92 
7 2.70 2.50 2.12 s.28 | 2.17 3.52 
8 2.61 3.70 2.7 3-57 3-33 2.78 
ee 2.78 2.86 $.s8 2.63 3.03 2.56 
50... 2.904 2.63 =. 23 3.03 s.a2 2.04 
Io 2.90 .090 


Means...... 2.96 .09 (p.e.) 2.73%. 


To reduce S in this table to absolute values (fall of density per 
micron), the numbers are to be multiplied by 0.0416. By com- 
paring the individual values of S with the mean, the average error 
of a single determination of the edge-gradient is found to be +0. 33 
or 12 per cent. For photographic work this is not excessive. 
Repeats on the same section of edge show differences of only 3 per 
cent, indicating that the greater part of the error is photographic, 
that is, is due to photographic variations. The most difficult case 
has been chosen for measurement, namely, that of an exceedingly 
sharp image of low density. For.the average edge, where the total 
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fall of density is less abrupt, more accurate and consistent values 
are obtainable. 

In order to compare measured density-gradients or sharpness 
with theory, the turbidity factor « and contrast factor y are 
necessary. « is determined from the rate of growth of the slit 
images as already explained; y from a series of exposures in a mono- 
chromatic sensitometer (log ¢ variable). In this case it was found 
that the slit images increased 5.0 u (0.0050 mm) per doubling of 
exposure-time. ‘This gives for x: 

I 
A X5.0=8.3 um. 


2 log 2 


It will be recalled that the theoretical sharpness is obtained by 
‘ ‘ I , . ; 
multiplying — by the maximum value of the slope of the charac- 
) = a 


teristic curve of the emulsion which occurs below the density of the 
image in question. The density unity of the slit images is at least 
on the straight portion of the curve, so that the simple formula 
applies, 


— 
S=-y=0.120y. 
K 


The values of S computed from this formula are compared with the 
values obtained by direct measurement in Table IT. 


TABLE II 


¥ Observed S Computed S 
Three-fourths minute’s development. 0.71 0.123 0.085 
One and one-half minutes’ development 1.16 .114 .139 
Three minutes’ development ... 1.48 .121 .178 


The computed values are seen to lie on both sides of the observed 
values. The observed values are nearly constant; the computed 
values of course vary directly as y. The explanation of the 
discrepancy must be again sought in secondary phenomena. 
Agreement is such that there is no doubt of the primary action 
being as postulated. For y unity or for normal development 
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agreement between theory and observation is seen to be complete. 
For lower development there is a secondary factor tending to 
increase sharpness; for higher development a factor tending to 
decrease it. These will be considered in turn. 

In the case of weak development the silver grain forming the 
image is in an incompleted state. This is seen very clearly in a 
microscopic study. The image as a whole looks grayish, compared 
with the dense black obtained with higher development. The 
measured densities of the two images compared are equal in the 
cases considered. Under the microscope, assuming short devel- 
opment, a large number of shadowy, indistinct grains can be seen 
which cannot be focused. ‘They are due to partial development. 
Grains are known to develop in spots, with numerous centers of 
development in each grain. ‘This process being arrested in short 
development, the result is a grain composed of gelatine imbedding 
scattering particles of metallic silver. The grain therefore trans- 
mits and scatters the viewing light, causing both grayish and 
shadowy appearances, depending on its degree of development. 
It is also seen that small grains are relatively numerous for short 
development. This is as we should expect, on account of the 
time factor in completing development of a grain. It is clear that 
short development must give a plate of relatively fine grain. But 
the size of grain does not enter into the formula for sharpness, a 
statement which seems contrary to accepted views and to the 
measurements of sharpness which are now being discussed. 

There is other evidence indicating that silver bromide grains 
receiving a heavy exposure £ are more developable as well as more 
quickly developable than grains receiving less exposure. Consider 
the case of a sharp image formed from a weak exposure and receiv- 
ing short development, as in the case under examination. The 
latent image in the region bordering the true edge must be in this 
case relatively weak and is accordingly not developed when the time 
of development is short. Sharpness must therefore be increased. 
Longer or normal development (y=1), on the contrary, brings out 
the true latent image. In this case the formula for sharpness is 
found to hold. This explanation finds support when the case of 
very short time of development is examined. For example, when 
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images on a plate having received a development of only twenty 
seconds are measured, it is found that the sharpness has decreased 
considerably. ‘This shows that the diminishing effect of a decreas- 
ing y is becoming effective, more than counterbalancing the 
increasing effect due to non-developability of the latent image. 

It is a common impression that small grain-size is the cause of 
sharpness of image. It is true that in the case of resolving power, 
as will be shown in the next section, size of grain is an important 
factor. But the matter of image sharpness is quite different. 
This depends primarily as shown upon contrast and _ turbidity, 
Usually fine-grain plates have high contrast (vy) and low turbidity 
(x), which accounts for the grain being undeservedly given the 
credit for the sharpness or lack of it. Sharpness due to uniform 
random distribution of silver grains, a popular conception of the 
subject, is of a higher order than occurs in real emulsions. 

The decrease in the theoretical sharpness for long development 
remains to be explained. ‘The cause is to be found in the phenome- 
non of ‘‘graininess”’ or irregular aggregating of the silver grains, 
which appears to increase with development. While of great im- 
portance, its discussion is beyond the scope of the present paper. 

Some cases of secondary phenomena taking place at the edge of 
an image are worthy of brief mention. The phenomenon of an 
apparently luminous band at the border of a dense image commonly 
seen in moving pictures is one of these. Again, Plate VIII, showing 
sections of sharp slit-images, reveals an added mass of silver grains 
in the lower layers of the emulsion, immediately under the edge 
itself. ‘These are both effects of developer, due to a combination 
of bromiding and exhaustion of the developer with clogging of the 
channels in the gelatine possibly. They are important and inter- 
esting phenomena, but cannot be considered at length in this 
place. Undoubtedly these phenomena are related to the Eberhard 
and Kostinsky effects, which will be treated in a following paper. 

Another secondary effect of a totally different class arises in the 
measurement of densities near the edge of a sharp image. It 
would seem that a given mass of silver at the edge of a large image 
should measure photometrically higher than when placed in the 
center of the image. The amount of light transmitted by any 
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given small region depends upon its direct illumination and upon 
the amount of light diffused and reflected into it by the surrounding 
regions. At the edge diffusion is entirely lost on one side, so that 
less total light is transmitted, leading to a higher measured density. 


3. PHOTOGRAPHIC RESOLVING POWER 

So far as the writer is aware, the only formula which has been 
proposed for photographic resolving power is by Wadsworth." 
His result, namely, that the linear resolving power is equal to four 
times the diameter of the developed silver grain, was arrived at by 
some photographic considerations combined with the usual diffrac- 
tion theory of visual resolving power. It is well known that the 
resolving power is considerably less than the value given by the 
Wadsworth formula. 

Study of the problem has led to a separation of the factors 
controlling resolving power into two, namely, (a) sharpness factor, 
(b) grain factor. 

Consider a pair of parallel line images aa and a’a’ on the photo- 
graphic plate, of equal width, separated by a space w equal to the 
common width of the lines. Defining resolving power as the 
number of lines per millimeter just separated, we have 


1000, . 
R= ne (w in microns). (20) 
w 


It is not possible to derive any formula for R depending on 
physical data alone. It can be postulated that for resolution a 
certain contrast must exist between the brightness of the images aa 
and the center of the separating space 0 before resolution takes 
place. But brightness as a sensation is measured by density of the 
photographic deposit, so that it can be said that for resolution there 
must be a certain difference in density, which may be called A, 
between the images aa, a’a’, and the center of the separating space b. 
It is quite evident that A is a function of the diameter of the grain. 
For it is easily seen that if the grain of the plate is very fine, a 
relatively slight difference in contrast A between a and 6 will be 
sufficient for resolution. With increased size of grain, the difference 

* Astrophysical Journal, 3, 188, 1896. 
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of contrast must increase. The relation between size of grain and 
minimum contrast is to be regarded as belonging to the class of 
physico-psychological laws of vision, obtainable as empirical rela- 
tions by direct measurement, which are met at every turn in physi- 
cal investigations in which vision plays a part. It is perhaps 
needless to say that no direct data are available on the subject. 
From general considerations it is to be expected that the difference 
in contrast will approach a minimum value semi-asymptotically as 
the size of grain approaches zero. The simplest curve fulfilling the 
properties as imagined is probably the hyperbola, with two arbitrary 
constants. Accordingly 

A=(a+bd?)}, (21) 


where d is diameter of grain, and a, } are arbitrary constants to be 
determined by experiment. It should be noted that A is to a 
certain extent a function of the intensity of the viewing illumination, 
a complication not necessary to consider here. 

Let it be assumed that the fall of density from the edge of the 
image a to the center of the separating space } is uniform. Let S 
be the sharpness of the images aa or the rate of fall of density, 
as defined in Section 2. Let it be further assumed that the 
diffraction and aberration patterns of the two lines aa and a’a’ are 
separated. This will be approximately true if the optical system 
is a good one. With these assumptions it is not difficult to derive a 
formula for resolving power; for by definition 

A=", or w= 26 ° 
Substituting for A and w their values in terms of size of grain and 


resolving power, 
_ 1000 S 


i) 
NS 
“— 


R (a+bd?)—3 ; ( 


; I 

or since pa y; 
— Y 2\—}3 2 
R=250° (at+bd*)-}. (23) 


It should be possible by a series of suitably planned experiments 
to determine the parameters a and b in this equation. This is a 
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subject for future investigation. It will be of interest to determine 
A in a particular case for which data are available. It was found, 
for example, that for a certain emulsion the resolving power was 70, 
determined from artificial double stars at wave-length 4500 A. 
The turbidity x was found by measuring the time-rate of increase 
of the diameter of artificial stars. This was found to be gu for 
9&9 
2 log 2 
be taken equal to unity. For the determination of A therefore 


each doubling of exposure-time, whence k= =15.0. Yy can 


giving 
A=0.24. 


That is, for an emulsion of medium size of grain (d= 2 u to 3 uw) the 

contrast necessary for resolution measured in density is equal to 
ee = : T, : 

©.24, or in light-intensities, since D=log T.. a ratio of 1 to 1.75 

is necessary. 

Experimental results on resolving power have been studied with 
a view to the general application of the formula for resolving power 
deduced above. They will be briefly considered. 

It is well known that fine-grain emulsions give higher resolution 
than those of coarse grain. <A particularly interesting case is the 
relative resolving power of an average emulsion, such as Seed 23, 
for chemical and physical development respectively. Obviously 
the turbidity factor x is the same in the two cases. It is quite 
different, however, with the contrast factor y. For physical 
development y was found to be 0.5, for chemical development, 2.5. 
Since sharpness S =? , it would be expected that the sharpness under 
physical development would be very much less (five times) than 
under chemical development. ‘This is actually found to be the case, 
the difference being strikingly evident to the eye, without measure- 
ment. Since the sharpness of outline is so much less for physical 
development, it might be expected that the resolving power would 
likewise be less. Asa matter of fact it was found that the resolving 
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power under physical development is actually higher by 20 per cent. 
We have here an interesting case of the balancing of the factor of 
sharpness against that of the size of the grain. In physical develop- 
ment the grains are exceedingly small, many times smaller than 
under chemical development. ‘The drop in resolving power due 
to a low factor of contrast is more than made good by the 
accompanying decrease in size of grain. 

A further testing of the formula is to be found in a study of 
resolving power depending on developer and time of development. 
A large amount of data on 





™ this subject has been ob- 
an tained by K. Huse.‘ He 
finds that the resolving 
vob power with increasing time 
of development rises quickly 
id to a maximum, remains con- 
, stant for a considerable in- 
“re terval, then drops. Here 
r again it is a question of 
“le changes in contrast and the 
wold size of the grain opposing 
& = eachother. Variations with 
20} developer are to be explained 
similarly. 
rot A particularly interesting 
 WaveLenath. case is the variation of re- 








wo 430 ~«900~=~C«SOS«C«oSCHDSSOMM §=SOlving power with color. It 
Fic. 9.—Variations of resolving powerwith js found that the resolving 
wave-length for various plates. , : . , 
power is high in the violet 

and blue, diminishes to a minimum in the green, rising again 
toward the red. This phenomenon can be explained by referring 
to the curve of wave-length and turbidity, and the curve of wave- 
length and y. In the violet the turbidity factor is high and y low, 
while in.the red the turbidity is low and y high. Combination 
of the two curves is found to give a minimum in the green, agree- 
ing with observation. Figure 9 shows the observed variation of 


* Journal of the Optical Society of America, 1, 119, 1917. 
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resolving power with wave-length for several classes of emulsions. 
The fan test-object devised by Dr. C. E. K. Mees was used 
in making these measurements. Monochromatic filters were 
employed. To give some idea of the delicacy of adjustment 
necessary in work of this kind, it was found that working at F/8 
an error of focus of 0.03 mm can be detected by its effect on the 
resolving power. ‘The camera therefore must be focused for each 
color separately. The color-curve of the objective thus found 
agreed exactly with that found on a precision lens-bench. The 
objective is a Fuess single-achromat of 6-inch focus working up to 
its full visual resolving power. Resolving power determined by 
means of the fan test-object does not agree with values determined 
from parallel-line or double-star test-objects. The latter two give 
values 40 per cent higher on the average. The subjective factor 
already considered is apparently the cause of this difference, A 
being greater for the fan test-object. 

A few other cases will be only briefly touched upon. As is well 
known, bathing plates in yellow dye increases the resolving power, 
the increase being more than 50 per cent. Measurements of 
turbidity and y show the cause of the increase. It was found that 


— 4 ‘ ° 
the turbidity factor ,, increases considerably after bathing. Some 


portion of this increase, however, is nullified by a decrease in y 
amounting to 20 per cent. ‘The product of the two, upon which 
resolving power partly depends, is on the whole increased by an 
amount sufficient to explain the observed increase. It should be 
mentioned that the speed of a plate is diminished tenfold by yellow 
dyeing. 

A case of resolving power showing the probable influence of 
the failure of ‘‘reciprocity’’ was observed. It was found that for 
a weak light-source, other factors being the same, resolving power 
was increased about 20 per cent compared with that for a strong 
source. In this case the light scattered in the spaces between the 
lines is so exceedingly low in intensity as to be below the threshold, 
so to speak, of the plate, thus diminishing the effective turbidity. 
There may also be other factors entering, such as variation in the 
size of grain. 
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An interesting case is that of the resolving power of the wet 
collodion plate. It is well known that the size of the grain of the 
collodion plate is subject to control in the development operation. 
By using nearly monochromatic violet light and by exceedingly 
careful focusing, in conjunction with the proper conditions of 
development, it was found possible to obtain on this plate a resolv- 
ing power of 175, or nearly equal to the theoretical resolving power 
of the lens used. This is approximately equal to the resolving 
power obtained from albumen plates. 

It was found that intensification does not increase resolving 
power. It is useful, however, for it brings out the resolution more 
clearly when actually present. 

Other secondary factors affecting resolution are (a) image con- 
traction, which tends to increase resolving power; ()) an effect 
pointed out by Goldberg’ due to the difference in the sensitivity of 
the grains composing a high-speed emulsion. Briefly stated, he 
considers that an irregularity of outline of an image leading to 
diminished resolution may be produced by numbers of highly 
sensitive silver bromide grains lying just without the edge of the 
image which are infected and made developable by the compara- 
tively weak light to which they are exposed, combined with numbers 
of insensitive grains lying just within the edge of the image too 
insensitive to be infected even by the strong light to which they 
are exposed. It will be noted that both of these effects if operative 
modify the sharpness of image as well as resolving power, so that 
equation (22) for resolving power holds if the observed S and not 
the theoretical sharpness . be used. 

In applying the results obtained for sharpness and resolving 
power to a particular problem caution must be used. From the 
fact that increased sharpness and resolving power have been secured 
by using violet light, and again by using yellow-dyed plates, in 
the particular experiments described above, it must not be assumed 
that the results are of general applicability. For, as shown, sharp- 
ness and resolving power are directly proportional to gamma, and 
inversely proportional to turbidity. Turbidity is decomposable 


* Photographic Journal, 36, 315, 1912. 
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into two parts: (1) the inherent turbidity of the emulsion; (2) the 
turbidity arising from the optical system. The results obtained 
in this paper were secured by making the turbidity due to the 
optical system zero or nearly so. Under average conditions of 
astronomical photography, due largely to atmospheric dispersion and 
unsteadiness, the optical turbidity becomes very large, completely 
overshadowing the inherent turbidity of the emulsion. In this 
case then, the gamma, or contrast property of the photographic 
plate, becomes the determining factor. Plates of high contrast 
should accordingly be chosen to secure maximum sharpness. Again, 
since it has been shown above that the contrast is low in the violet, 
and increases with increasing wave-length, we conclude that iso- 
chromatic plates used with a yellow filter should give greater 
sharpness and resolving power in ordinary astronomical work, as 
is actually found to be the case. Still better results should be 
secured by photographing in the red. In all cases of this kind 
where the optical turbidity predominates, the gamma wave-length 
curve of Figure 8 becomes the true sharpness wave-length curve 
in place of the curve shown in Figure 7, which holds only for an 
ideal or practically perfect optical system. 

The reason why yellow-dyed plates are not suitable for astro- 
nomical work is now clear. Such plates owe their high resolving 
power to a low inherent turbidity which, however, as just shown, 
is of no help in the cases arising in astronomy. But, as shown 
above, yellow-dyed plates have a low contrast, or gamma, which 
accordingly makes them even less suitable than ordinary plates 
for astronomical use. On the other hand photographs taken 
on yellow-dyed film in a motion-picture camera having a good 
lens have shown greatly improved definition over those taken on 
undyed film. The principles enumerated above thus appear to 
be well founded and agree with practical findings. Since the rela- 
tive amount of inherent and optical turbidity cannot be specified 
in any given class of photographic work, it will always be necessary 
to make an experimental determination of the conditions giving 
maximum sharpness or resolving power. 

It has been the aim of the writer to show that resolving power 
can be put to a certain extent upon a mathematical basis, and that 
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secondary effects can be explained in terms of four major factors, 
turbidity, contrast, size of grain, and graininess. It is clear that 
far from being the simple phenomenon imagined by Wadsworth, 
photographic resolving power draws upon the whole field of photo- 
graphic theory and can be but imperfectly described even from 
the broadest viewpoint. 

Astronomers often ask for a high-speed plate of fine grain. Is 
not the advantage of small size of grain overestimated? For 
instance, the best linear resolution of double stars obtainable with 
large telescopes under the most favorable conditions is about 60 u. 
The linear resolution obtained in the laboratory for emulsions of 
coarse grain and high speed is 204. The true resolving power of 
the plate is thus far ahead of that which can be obtained in work 
with large telescopes. It is quite certain that an increase in the 
speed of plates will increase the resolution obtained in the large 
astronomical telescope. It is not so clear that an increase in 
resolving power will work in the same direction to any appreciable 
extent. But it is at least true that increased speed should be 
attained without any loss of the resolving power which the plates 
now have. In other words, it is more profitable to work in the 
direction of attaining higher speed than attaining better resolving 
power. 

The subject of resolving power can be partly treated in a 
descriptive and more popular manner which is not without help- 
fulness. Consider a pair of close lines being photographed with 
continually increasing times of exposure, starting from threshold. 
Resolution is not attained until a certain density of the image has 
been built up. When the exposure is relatively light only a few 
scattering grains are affected, so that there is little or no contrast 
between the image and the surrounding field fog. ‘Two close lines 
under these circumstances will not be distinguishable. Let the 
exposure be now increased. The vacant spaces between the scat- 
tering grains, which lie at random where the image should be, 
begin to fill in with grains, the lines begin to outline themselves and 
. finally, when a certain point has been reached, are clearly resolved. 
This is a description of what happens in the ideal case where there 
is no spreading or turbidity. In an actual emulsion, in the case of a 
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line or star image, spreading begins before any relatively high 
density is reached, so that before a fine line can outline itself with 
sufficient distinctness, spreading has commenced, filling in the 
space between the two close-lying lines to a greater or less extent, 
thus limiting the resolving power which can be attained. This 
process is observable and has been studied on ordinary lantern 
plates and on yellow-dyed lantern plates. In these two plates, 
the size of grain is the same, and yet there is a very great difference 
in resolving power, as already explained. The test-object was 
photographed on them in turn with increasing exposure-times. 
With the ordinary plate, by the time the fine lines were filled in to a 
sufficient density to outline them well, the intervening spaces were 
also filled in with grains to such an extent as to destroy the sepa- 
ration. This filling in is due to turbidity and is seen not to be 
connected with the size of grain. 

Compare this with what happens with the yellow-dyed plate. 
With light exposures only a few scattering grains are visible and 
there is no appearance of an image. But with longer exposure the 
lines begin to fill in until they are finally well outlined, and yet the 
spaces between remain free from grains; in short, the image builds 
itself up without spreading. Accordingly, neglecting the factor 
of the size of grain we can say that what happens is this: in an 
emulsion of poor resolution by the time the image is built up to a 
sufficient density to outline it, the spreading is so extended as to 
destroy resolution through the filling in of the spaces between the 
lines; in an emulsion of good resolution the image is built up to a 
sufficient density to outline it before marked infection of the grains 
in the intervening spaces has taken place. Accordingly turbidity 
and contrast of an emulsion are measures of resolving power, a 
conclusion already reached by more mathematical reasoning. 

RESEARCH LABORATORY 

EASTMAN KopAK COMPANY 


ROCHESTER, N.Y. 
April 1920 




















STUDIES BASED ON THE COLORS AND MAGNITUDES 
IN STELLAR CLUSTERS 
EIGHTEENTH PAPER: THE PERIODS AND LIGHT-CURVES OF 
26 CEPHEID VARIABLES IN MESSIER 72: 
By HARLOW SHAPLEY anno MARY RITCHIE 


ABSTRACT 


Periods and light-curves of 26 Cepheid variables in Messier 72 have been determined 
from eighteen plates taken with the 60-inch reflector. The variables are found to be 
much alike. The periods range from o. 33 to 0.66 day, and the median photographic 
magnitudes from 16.4 to 16.9, the mean value for all being 16.8. The difference of 
magnitude between these variables and the 25 brightest stars is unusually small, 
only 0.94. 

Globular cluster Messier 72.—The photographic magnitudes of twenty-nine com- 


/ 
parison stars were determined by the polar-comparison method. From the median 
magnitude of the variables the parallax of the cluster is computed to be 0’000039. 


1. Introduction.—Exploration of the extent of the sidereal 
universe requires particular knowledge of the most distant objects 
on record—of the positions in space of faint globular clusters, 
galactic clouds, and spiral nebulae. For a remote cluster, the 
Cepheid variables appear to afford the most definite quantitative 
measure of the position in space, the distances of such stars being 
uniquely defined by the period-luminosity curve.’ 

The precise determination of the distance of a remote cluster 
aids also in the correlation between its distance and apparent 
diameter; and in any cluster the determination of the mean 
median magnitude of the cluster’ variables serves in correlating 
the magnitudes of its brightest stars with the magnitudes of its 
variables. Thus in two ways the investigation of variables, when- 
ever they can be found, bears on the problem of the distances of 
all clusters. 


* Contributions from the Mount Wilson Observatory, No. 195. 

2 Mt. Wilson Contr., No. 151; Astrophysical Journal, 48, 89, 1918. 

3 The name “cluster variable” is used exclusively for those variables of the 
so-called Cepheid type whose periods are shorter than one day. 
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In view of the significance of these general problems, the dis- 
covery and study of Cepheid and cluster variables in the faint 
globular clusters has been undertaken at Mount Wilson as a 
feature of the work on the structure of sidereal systems." 

Systematic investigations of the periods and light-curves of 
the variable stars in four bright globular clusters have been pub- 
lished by Professor Bailey in the Harvard Annals,’ affording results 
that have been of much importance in our work on Cepheid 
variables and stellar clusters. Bailey’s work is based upon long 
series of plates, some made throughout an interval of more than 
twenty years—a circumstance that in many cases permits high 
precision in determining the period and range of light variation 
and also yields some information as to secular changes in these 
quantities. 

Researches on variations in period and light-curve are neces- 
sarily based on extensive material and can be most advantageously 
made in the case of the brighter clusters, for which observations 
are easily obtained and analyzed; accordingly, the study at Mount 
Wilson has included neither this problem of secular variations nor 
the derivation of precise light-curves, but rather has been specifi- 
cally concerned with the following points: (1) the average median 
magnitude of the cluster variables; (2) the bearing of the new 
material on the period-luminosity relation whenever both long and 
short period Cepheids are found; (3) the relation of the median 
magnitude to the brightest stars in the cluster; (4) the correlation 
of length of period with type of variation, magnitude, range, and 
distribution in the cluster. 

None of these problems requires high accuracy in periods or 
light-curves if the variables are numerous, and therefore short 
series of plates are sufficient, provided the observations are properly 
arranged. In the following discussion of Messier 72 three of the 
points enumerated above are satisfactorily treated on the basis 
of twenty photographs with the 60-inch reflector. The variables 
studied are by far the faintest and most distant for which periods 
and light-curves are known. 


* Compare section 1, Mt. Wilson Conir., No. 190; Astrophysical Journal, 52, 73, 
1920. 


2 Vol. 38, 1902; 78, 1913-1919. 
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2. Earlier work.—Messier 72 (N.G.C. 6981 =B.D.—13°5783) 
is a faint globular cluster in Capricornus with the equatorial and 
galactic co-ordinates, for 1goo: 


Right ascension = 20"48™o Declination =—12°55’ 
Galactic longitude = 3° Galactic latitude = — 34° 


The photographic magnitudes of its brightest stars were deter- 
mined three years ago (Mount Wilson Contributions, No. 152), and 
the mean of the twenty-five brightest was found to be 15.86." 


TABLE I 


List OF PLATES 














Plate Number | Date J 2 an G.M T Length of Quality Pe od 
(Helocentric) Exposure (Pg. mag.) 
| 2420000+ | 

3874*......] 1917, Aug. 13 1454.825 | 2™, 2™, Good Eerie nen ote 

S040" ...5. Sept. 9] 1481.819] 3 ,3,3 Good eee 

g063...,.-.1 Oct. 12] 1514.693 | 10 | Fair | +0o.06 

ae Nov. 10 | 1543.662 IO Fair 0.06 

4975...-...-| 1919, July 21] 2161.882] 10 | Good 0.05 

Cy Se July 21 2161.907 | 10 Very good | 0.02 

ee July 21 2161.968 | 10 | Fair | 0.05 

OS ree July 22 2162.746 | 15 | Fair 0.05 

4990f..... July 22]  2162.820 | 10 | Very good | 0.05 

4002.26.50: July 22 2162.892 | 12 | Very good | 0.03 

ere July 22 2162.975 | 15 | Poor 0.07 

So Se July 23 2163.738 | 12 Good 0.04 

CT ee July 23 2163.828 | 10 Good 0.05 

5024.......| July 23 2163.903 | 10 | Fair 0.07 

ae | July 24 | 2164. 766 | 15 Good | 0.05 

ee July 24}  2164.880 | 12 | Very good | 0.04 

| Aug. 22 2193.788 | I0 | Fair 0.05 

LS re Aug. 23 | 2194.708 | 12 Good 0.06 

SS ee Sept. 21 | 2223.648 | 10 , 10, 2 Poor 0.05 

5052 Sept. 21] 2223.687] 8, 8, 8 | Good | +0.05 

| | MMean...... | 0.05 
*Used only for bright comparison stars. tUsed for positions and reproduction. 


The diameter of the cluster was estimated as 2’, 2/2, and 2/4 by 
Melotte, Miss Davis, and Shapley, respectively. On the basis of 
these measures of diameter and magnitude the parallax was 
placed at 0’000034. 

3. Observations —The photographs listed in Table I were made 
at the primary focus of the 60-inch reflector, the first four on 


* Owing to a typographical error the printed value is 15.94. 
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Seed 27, the remainder on Seed 30 plates. Multiple exposures, 
indicated in the fourth column, show which plates were compared 
directly with the polar standards. The estimated quality of the 
plate, as recorded at the time of observation, is given verbally 
in the fifth column; in the sixth column the quality is shown 
numerically for each plate in the form of average deviations from 
the adopted means for the magnitudes of comparison stars. This 
average deviation is the mean of the residuals given in Table II, 
where it is tacitly assumed that the light of the comparison stars is 
constant. 

4. Comparison stars.—The photographic magnitudes of the com- 
parison stars were determined as follows: The polar-comparison 
plates gave preliminary values; these magnitudes were plotted 
for all plates against the scale readings, after the usual correction 
had been applied to the latter for distance from the center and for 
scale irregularities. For each comparison star the deviation from 
a smooth curve was then tabulated and the systematic deviation 
for each star (mean of residuals with regard to sign) was applied 
as a correction to the preliminary magnitude. The new magni- 
tudes of the comparison stars were again plotted against the scale 
readings. The residuals from the resulting new curves are those 
appearing in Table II, which serves to show both the degree of 
constancy of the light for all comparison stars and the numerical 
quality of each plate. The magnitudes of the variables have been 
read from this second set of curves. 

The foregoing method of reduction is equivalent (1) to deter- 
mining the zero point and scale of magnitudes by means of the 
four polar comparisons, (2) reducing the accidental error in the 
mean magnitude of a comparison star with data from twenty 
plates, and (3) deriving each magnitude of a variable star through 
indirect comparison with twenty-nine stars of sensibly constant 
light. 

Table III gives differential positions and adopted magnitudes 
of the comparison stars, as well as the average deviation from the 
adopted means and the final systematic deviations. The last, 
which are in thousandths of a magnitude, have not been applied 
to the adopted magnitudes. It was noticed, after the magnitudes 
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of the variables had been derived, that the final systematic devia- 
tions are negative for all comparison stars fainter than 17.2. 
This indicates a slight systematic error in drawing the curves; to 
correct for it, in making Table V we have applied +0.02 to the 


TABLE III 


COMPARISON STARS IN MESSIER 72 





























PosITION | 
STAR PHOTOGRAPHIC AVERAGE SYSTEMATIC 
MAGNITUDE | DEVIATION DEVIATION 
x y 
ere ie —1'11"4 16.08 = OMo4 —oMoo3 
Diba vieeeus —I 7.5 +o 9.0 16.09 0.02 +0.002 
i tes wean te eters +0 43.5 +0 14.4 16.16 0.02 —0.002 
: OT eS +114.4 16.13 0.03 +0.002 
EO re —0O 47.4 —0O 51.0 16.67 0.06 +0.006 
| eS +2 7.5 +215.6 16.65 0.06 +0.008 
ee erate esr +1 24.6 +0 43.5 77.3% 0.03 —O.O1I 
anne —0 35.4 +2 3.0 17.01 0.04 +0.013 
_ Re rrr —117.4 +1 12.6 17.18 0.05 +0.002 
Pau dsunce eh —2 18.6 +o 2.4 17.40 0.06 —0.012 
Re ataknctes —117.4 —114.4 17.14 0.06 —0.002 
Bee ee eee +1 27.6 —117.4 17.18 0.04 +0.002 
EEA ES +112.0 —O19.5 17.51 0.07 —0.019 
ee euaee are +o 58.5 —o15.6 17.31 0.05 —0O.015 
Ow ani antes +1 46.5 —o 3.6 17.27 0.06 —0.004 
Div ni a: Seasnae eden +0 31.5 +110.5 27.3¢ 0.04 —0.008 
Bed \dewa-uieeme +0 39.6 +1 20.4 17.00 0.06 +0.011 
SST ee +0 14.4 +1 36.0 17.56 0.06 —0.021 
ae +1 9.0 +o 8.4 17.38 0.06 —0.024 
Lee ar een —1 48.0 —0 52.5 17.80 0.06 —0.044 
Wise scschwes —1I 9.6 +0 47.4 17.20 0.06 —0.00I 
Bivisaceesues —1I 21.0 +0 21.6 17.03 0.06 +0.003 
: eee —0 39.0 +0 51.0 17.09 0.06 —0.012 
Geto unanines +0 33.6 +0 49.5 17.31 ©.06 —0.002 
EE Pe —0O 42.0 +1 42.6 37.27 0.07 —0.002 
| BERS ere —0o 46.5 +1 21.0 16.81 0.06 +0.0o11 
eae On ae +2 4.5 —O 5.4 16.86 0.06 +0.012 
Se err —0 50.4 +0 13.5 16.22 0.06 —0.003 
Ds as aiaiaaalaiets —141.4 +0 35.4 15.77 0.04 +0.006 
BP cckaxees +4 25.5 EMM. 8.5 5ccaconcdipkbsnwerduoleeseeseecs ce 
| ‘Mean “ong 








*Star Ais B.D.—13°5785 (oM1)=A.G. Camb. 7396. 


magnitudes derived for the minima from analysis of the observa- 
tions in Table IV. 

5. Magnitudes and light-elements of the variable stars.—A photo- 
graphic chart and the differential positions of the thirty-four stars 
in Messier 72, listed as probably variable by Miss Ritchie, are 
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given in the first section of Mount Wilson Contributions, No. 190. 
The photographic magnitudes from measures by Miss Ritchie, the 
phases, and the residuals (in hundredths of a magnitude) from 
smooth mean curves, are given in Table IV. Table V contains 
the elements of light-variation and other data appropriate for 
statistical discussion, and is followed by notes on special cases. 
Except for a few instances cited in the notes, the periods are accurate 
to the fourth place of decimals. Four representative light-curves 
are shown in Figure 1. The determination of the periods and 
light-curves has been largely in the hands of Miss Mayberry. 

6. Discussion of results—Numbers 6, 19, 22, 26, and 33 do not 
appear to be conspicuously variable; Nos. 25, 30, and 34 undoubt- 
edly vary, but it has not been possible to obtain uniform periods 
for them. For Nos. 18, 24, and 28 the periods are unsatisfactory 
to the extent stated in the notes to Table V. Twenty-two of the 
periods and light-curves, however, are sufficiently accurate for the 
summaries in Tables VI, VII, and VIII, which are arranged 
respectively with the arguments of period, median magnitude, and 
range. 

Variable No. 27 was omitted from the correlation tables because 
of its deviation in period, distance from the center, range, and 
median magnitude from all of the twenty-two other variables with 
well-determined elements. Possibly it is an isolated variable, only 
by chance in the direction of Messier 72; but in that case it would 
be much the most distant isolated star on record, and some 15,000 
parsecs from the galactic plane. Number 2, which has the second 
largest range of variation, is the second most distant from the 
center, a fact which suggests that No. 27 is probably a member of 
the cluster notwithstanding its somewhat anomalous character. 

From Tables VI, VII, and VIII no definite correlations are 
evident, except that small range is associated with faint median 
magnitude—probably an indication merely that the maximum 
is frequently recorded too faint because of the insufficiency of 
observations near zero phase. The principal conclusion from these 
tables is that all the stars are much alike, particularly in median 
and minimum magnitudes. 
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Fic. 1.—Light-curves of cluster variables in Messier 72 


graphic magnitudes; abscissae phases from maximum in days. 
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TABLE V 


ELEMENTS 


PHOTOGRAPHIC MAGNITUDE 























r STANCE SPOCH ¢ | 
paced “oo 7 sien PERIOD CE KARE BT | RANGE 
CENTER Maximum | Maximum | Minimum | Median } 
| 4 2420000+ | | | | 

I I.1 | 2162.97 | 0161974 16.40 7.27 | 16.84 0.87 
2 | 3.6 | 2102.817 - 40501 160.00 7.38 16.66 1.32 
3 cal 1.3 | 2162.968 | . 48905 | 10.25 | 17.35 | 106.80 1.10 
ree | 1.8 | 2162.90 | .3619 | 16.16 17.34 | 16.75 1.18 
ee | 0.7 | 2163.738 | . 4991 |} 16.40 | 17.43 | 16.91 1.03 
7 ' 0.9 2163 .896 .52463 | 16.20 17.29 16.75 1.09 
8.. | I.5 | 2163.835 -5743 | 16.40 17.32 | 16.86 0.92 
9 | 0.9 2162.61 | -5902 16.30 17.34 16.82 1.04 
50... | 2163.63 | - 5483 16.23 37.32 10.77 1.09 
ee Ea 2162.730 | 3345 } 10.35 ‘7.38 16.83 | 0.97 
12 ©.4 | 2103.90 411! | 10.31 87.%7 160.74 0.86 
53... 0.4 2161.907 | -54182 | 16.10 17.15 16.63 1.05 
14 0.6 2103.90 | - 5904 | 16.40 | 17.00 10.73 °o.6060 
| 1.r | 2163.83 | - 5499 16.15 17.30 16.73 1.15 
ee 0.3 2163.83 | . 5641 | 76.99 | 17.37 16.83 1.07 
17 0.7 | 2162.845 .56308 | 16.35 | 17.32 16.83 0.97 
cB: 0.7 | 2162.88 | . 52016 | 15.70 | 16.28 15.99 0.58 
20... 0.9 | 2162.92 | -590555 | 106.42 17.42 10.92 I.00 
eee 1.4 | 2162.583 . 5310 16.33 | 17.37 16.85 1.05 
See are 2.5 2163.90 | 5969 | 16.20 17.25 16.73 1.05 
24 0.5 | 2161.92 -4973: 16.20 16.55 16.38 0.35 
25 2.5 eee Te icphd euiearetere 10.45 SP. fvanevewss o.01 
|; ee 4.6 2162.981 .65885 15.72 17.15 16.43 1.43 
28.. t.7 | 2162.94 . 36381 | 16.48 | 17.21 16.85 0.73 
eee 2.2 2161.83 .36865 | 16.40 r7.37 | 16.87 0.97 
20... =) 2.0 | ROE peer ee aie: | 16.38 eg) Begeaeeretre 0.53 
31 | 0.6 2162.02 55465 | 16.50 17.22 16.86 | 0.72 
De 2.4 2163.73 0.50544 | 16.50 r7.22 16.86 0.72 
C. ere | oe ee ae, Emre mire eae |} 10.00 ep: a eee 0.07 
No NOTES ON TABLE V 

avO. 


20. 
2I. 


. The light-curve is shown in Figure 1. 
. The period 045072 fits the observations nearly as well as the value in the table. 
. The adopted period is fairly satisfactory except for the unusually large residual 


for the first observation of the series. 


. The magnitude at maximum is uncertain. 
. This is the brightest variable in the cluster and has one of the smallest ranges of 


variation. The period is not quite satisfactory because of the large residuals and 
the gradual rise to maximum; it might be possible to represent the observations 
as well with a period slightly in excess of one day. If the star is double, as is 
suspected but not yet proved, the peculiarities of brightness and range are simply 
accounted for. 

The light-curve is shown in Figure 1. 

The light-curve is shown in Figure 1. 
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No 

24. Although this star is definitely variable, the range is so small that the adopted 
period cannot be accepted with certainty. The first observation of September 21, 
1919, is very discordant. 

25. The period appears to be some sub-multiple of one day. 

. The light-curve is shown in Figure 1; this variable has the longest period, the 
greatest distance, the greatest range, and, excepting No. 18, the brightest median 
magnitude. 

28. The period is very uncertain. 

30. The period may be something near 0446, but apparently the variation is irregular. 

31. The magnitude at maximum is uncertain because of the lack of observations 
within forty minutes of zero phase. 

34. The period is some sub-multiple of a day, but no satisfactory value has been 
found. This variable, which is the nearest of all to the center and was conse- 
quently measured with some difficulty, is brighter than the average and hasa 
small range of variation. It may be a multiple star; cf. note on No. 18. 


TABLE VI 




















Period No | Maximum Minimum Median Range | Distance 
ee — —— a 7 = a hatin - | — az a — 
ofs599...... 5 16@34 17M27 1681 oMg2 1/2 
re 16.32 17.31 16.81 ©.99 0.9 
i ee 5 16.30 17.29 16.80 °.99 2 
ee 6 16.24 s7.3% 16.78 1.07 1.5 

TABLE VII 
Fen No. Period Distance Range 
16M69....... 5 04540 1/6 1Mo4 
 . 6 0.488 5.9 1.06 
a 5 0.522 0.9 0.99 
See 6 0.516 2 0.89 
TABLE VIII 
3 , : Median 
ang anc } e i 
Range No. | Distance | Period Magnitude 
ee 5 1/8 01483 16M74 
Serer 6 5.5 0.558 16.77 
ere 5 °.9 0.472 16.87 
ae 6 ct 0.543 16.81 








All periods are shorter than a day. They show a considerable 
dispersion, but are not grouped into distinct classes as in clusters 
studied by Bailey. ‘Thus we have: 
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Length of Period in Days Number of Variables 
Me hn ciek os ale amie a amiinaieeea sicwieum I 
es HA acksacocdneueseteeeenen 2 
il CR i inoue ccbetebeadanweces I 
iE ie ce Kadina técmonenesmede te 3 
eS ids ees eee ean 6 
ee ee eee ee 8 
Re anne oer ae arte Meme ee Sere I 


The mean value of the period is 04517. 


The average value of the range in photographic magnitude is 
©.99, with extremes, among the well-determined cases, of 1.43 and 
0.66. The light-curves, so far as our observations are competent 
to say, all belong to the type usual in clusters, that is, to Bailey’s 
subclass a, except that Nos. 12, 24, 25, and 34 might be assigned 
to subclass c, and 1, 20, and 27 to subclass b. 

The median magnitude and its probable error is 16.800.05, 
or, if No. 27 is included, 16.78=0.09. The effect on the probable 
error justifies the exclusion of No. 27. 

Using the methods outlined in Mount Wilson Contributions, 
No. 151, we derive for Messier 72 a parallax of 07000039, to which 
corresponds the space-position 


R=25.6 
R cos B=21.2 


R sinB=—14.3, 


where R is the distance in kiloparsecs and £ is the galactic latitude. 
This value of the distance differs about 13 per cent from the value 
obtained in Mount Wilson Contributions, No. 151. The cause of the 
divergence can be traced to the unusually small difference of mag- 
nitude between the twenty-five brightest stars and the median 
(m.;— med = 16.80—15.86=0.94). For Messier 68, reported in 
Mount Wilson Contributions, No. 175, this same difference was also 
found to be smaller than the value adopted for earlier computations 
of the distances of clusters. A revision of the earlier work, based 
on a new value of m,,— med may therefore be necessary, but appar- 
ently it would involve only a systematic decrease of the distances 
by 6 per cent or less. 


Mount Witson OBSERVATORY 
August 1920 














INFRA-RED SPECTRA OF ISOTOPES 
By F. W. LOOMIS 


ABSTRACT 

Separation of the infra-red absorption doublets of HCl and HBr due to isotopes; 
theory.—If these bands are produced by the vibration of the nuclei along the line of 
centers of the molecules, the author shows that the frequencies should be approxi- 
mately proportional to the square root of (m,+m,)/m,m.,; hence the band lines 
due to HCIs and HCI37 should differ by 1/1330, and those due to HBr? and HBr! 
should differ by 1/6478. In the case of the HCl band at 1.76u, Imes found doublets 
whose components agree in separation and relative intensity with the theoretical 
results. In other cases the computed separations are less than the resolving power 
so far used. 

Of the many attempts to find differences between the wave- 
lengths of spectrum lines of the isotopes of lead, two have been 
successful. Aronberg' found that the wave-length of the line at 
4058 A was 0.0043 A greater for radioactive lead than for ordi- 
nary lead, though his probably too simple theory predicted a 
difference of only 0.00005 A or 1/80 as much as he observed. 
Merton, who had previously? failed to find any difference, has 
later’ used a better method of comparison and has confirmed 
Aronberg’s results. He also found a difference of 0.0022 A 
between the wave-length of this line for ordinary lead and for 
thorite lead, and a difference of 0.0055 A in the wave-lengths of 
the line \ 5350 for ordinary thallium and for thallium from pitch- 
blende. 

No theory has been published which accounts satisfactorily 
for even the order of magnitude of these differences, but it is proba- 
ble that they are necessarily very small because the mass of 
the nucleus enters only through an expression such as 


mm, 
m=——., 
m,+m, 


t Astrophysical Journal, 47, 96, 1918. 
2 Royal Society Proceedings, A, 91, 198, 1915. 
3 Ibid., A, 96, 388, 1920. 
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where m, is the mass of the electron and m, that of the nucleus. 
Since m,/m,= 380,000 for lead, the difference of one part in 207 
in the atomic weights of the lead isotopes makes a very slight 
change in m and hence in the frequency. Much larger effects 
should be expected for any vibration in which two atoms or nuclei 
are the principal masses concerned, instead of one atom and an 
electron. Such a vibration would be in the infra-red, and probably, 
in the case of any compound of lead, so far in the infra-red as to 
be beyond the limits of known methods of measurement. But 
Aston has recently shown that chlorine’ is a mixture of isotopes of 
atomic weights 35 and 37 with possibly a very little 39 and that 
bromine’? is a mixture of isotopes of atomic weights 79 and 81. 
Both HCl and HBr show absorption bands in the infra-red, the 
structure of which has been approximately explained by Bjerrum: 
and later in such detail and so exactly by Kemble‘ as to leave little 
doubt that his picture of the mechanism is essentially correct 
and that the central frequency of the “fundamental” band (at 
3.46 for HCl and 3.91 w for HBr) is the frequency of vibration of 
the charged halogen atom and the hydrogen nucleus along their line 
of centers. These spectra therefore afford a promising opportunity 
to search for distinct lines due to different isotopes. 

A sufficiently accurate value of the magnitude of the effect 
can be found by calculating the difference between the central 
frequencies corresponding to HC}* and HCl? or to HBr? and 
HBr" on the assumption that the amplitudes are infinitesimal. 

Let m, be the mass of the hydrogen nucleus and m, that of 
the charged halogen atom. Then if x, and x, are the distances of 
their centers from some fixed point along the axis, the potential 
energy can be expressed as ®({); where [=x,—42,. Let ¢ be the 
equilibrium position. Then ®’(f,)=0. Define ®(f,)=o. Then 


d*x, 
m,——=+9' 
* Philosophical Magazine (6), 39, 611, 1920. 

2 Nature, 105, 547, 1920. 
3 Nernst Festschrift, p. go, 1912. 


4 Physical Review (2) 15, 95, 1920. 
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and 
m, = —P'(¢), 
Or 
m ot —'(¢) 
where 
ae 
Z m,+m, 
Integrating: 
dt 


| . 2 
= + Vz— ; 
at = = ¥(f) 
Expanding ®(¢) about ¢ we get, since 


$(¢,) =2'(f,)=0 
Oo) =3(6—6,)°b" (Fo) H3(E—F0)3O""(H + 2... 


and since, on the assumption that the amplitude is infinitesimal, 
we are justified in dropping all but the first term, we can integrate 
the expression for dt exactly and find for the period, T: 


T=4 vs ' df — m . 
. o ©” (¢,) Vo" (¢,) 





m 
or for the frequency, 
_ 1. e’(S) 
ar Nom 


Since &’’(¢,) depends only on the law of force between the 
particles which in turn presumably depends only on the charges 
and the arrangement of the electrons in the outer structure of the 
atoms and not in any way on the mass of the nuclei, it should be 
the same for the two isotopes and the difference between them 
should show itself only through the quantity 


mm, 
m= 
m,+m,’ 
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the square root of which occurs in the denominator of the expres- 

sion for the frequency. Denoting quantities relating to the 

lighter isotopes as m’, m}, etc., and to the heavier isotopes as 
Ad ‘? > 

m’’, m,, etc., we have for chlorine: 


m”’ 
, 85 ee | a ‘ 
m' = 33, m = #4, mh T1880 


hence 
, 
, ” bed 
o—-w =- 
1330 
and for bromine: 
,? , 
m w 
ft vg as 9 , Pe 
m =i{3, m' =84 =iI+¢775, © —w =>— 
80> 82) m’ 6478) 6478 


where m, has, for simplicity, been taken as 1. This does not 
affect the result. 

The non-radiating states are supposed to have characteristic 
energies which are integral multiples of Aw and the frequency 
emitted or absorbed when the system changes from one of these 
non-radiating states to another is the difference in energy divided 
by h. Hence, on the simple assumption of infinitesimal ampli- 
tudes, or linear law of force, which we have made, the frequencies 
of the centers of the “fundamental” and “harmonic”’ bands will be 
w’, 2w’, 3w’, etc., for the lighter isotopes and w”, 2w’’, 3w”’, etc., for 
the heavier. In each case the corresponding frequencies for the 
two isotopes will bear the same ratio: 1+1/1330 for chlorine and 
1+1/6478 for bromine. 

The structure of the bands has been most accurately observed 
by Imes’ and is shown in Figures 1 to 4 taken from his paper. It 
has been accurately accounted for by Kemble? using the theorem, 
enunciated by Lord Rayleigh, that an oscillator vibrating with a 
frequency vy and rotating with a frequency v, absorbs or emits 
light of frequency v=v,, and modifying the Bjerrum hypothesis in 
the manner required by the new Sommerfeld’ formulation of the 
quantum theory for systems with more than one degree of freedom. 


* Astrophysical Journal, 50, 251, 1919. 
2 Loc. cit. 
3 Annalen der Physik (4) 51, 1, 1916. 
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He shows that if the law of force were strictly linear the infra-red 
absorption spectrum lines would be given by 
v=nNw= py, 


where 
oe te ee 


p=1I, 2, 3,4; ne oe) 
Hence they have the general structure shown in the figures, pairs 
of lines grouped about a central frequency which is not repre- 
sented by a line. (The asymmetry is quantitatively accounted 
for by non-linearity in the law of force.) 
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Fic. 1.—The HCl band at 3.464, mapped with 7500-line grating. HCl at 
atmospheric pressure (Imes, Astrophysical Journal, 50, 260, 1919). 














An examination’ of the way the mass enters in the expression 


1 —— , 
for aa and in Kemble’s formula for the asymmetry con- 


me 


stant shows that although the complete expression for the effect 


¥ y, varies as 1/m, while A and w vary as 1/V m. Hence, for chlorine, 


” , 
- m—m 
vita’ (r) — via" (r) = ——— [3.125 X 3 —0. 638 X $1] X6. 2557 X 108 
and 
, , 
m—m 
yy = X6.255 X10" 
m 
where 
m'' —m’ 7 
=1380- 
m™ 


The equations also predict a change in the difference between the frequency of the 
“harmonic” and twice the frequency of the ‘‘fundamental’’ but as Kemble’s equation 
is admittedly (op. cit., p. 106) at fault here, predicting a much larger effect than 
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of difference of mass is more complex than the one used, the addi- 
tional terms are quite negligible. This was to be expected, since 
m, enters nowhere except through m, and since all other frequencies 
and frequency differences are small compared with »v. 
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Fic. 2.—The HBr band at 3.914, mapped with 7500-line grating 
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Consequently the net difference between the spectra of isotopes 
will be that the wave-lengths of lines in the spectrum of the heavier 
isotope will be longer than the corresponding lines for the lighter 
isotope in the ratio 1+1/1330:1 for chlorine and 1+1/6478:1 
for bromine. Since the average atomic weight of chlorine is 35.46 
the amounts of Cl'5 and Cl’ present in ordinary chlorine must be 
as 1.54:0.46 or as 3.35:1 and, if the lines were absolutely sharp 
and perfectly resolved, the absorption spectrum of ordinary HCl 
should consist of pairs of lines separated by 1/1330 of their fre- 
quency and the one of shorter wave-length should have about 
3.35 the intensity of the other. The average atomic weight of 
bromine is 79.92, hence the two isotopes are present in nearly 
equal proportions and the absorption spectrum of HBr should 
consist of pairs of lines of nearly equal intensity separated by 


observed, it is best to ignore this point and consider w(r, 0) to vary as w, hence as 
1¥Vm. Then, for the fundamental, 

_—< =2.17—0.0006 p?+90.031 

3X10" 7 ; p -0314 p 
and for the harmonic 

p’—p” 

3X10" 
Since no lines have been observed for which p>12 we can neglect the terms in p and 
p’, and thus find the results in Table I. 


=4.26—0.0003 p?+0.0314 p. 
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1/6478 of their frequency. Fluorine, atomic weight 19.00, has 
been shown by Aston' to be pure and the absorption spectrum 


of HF should therefore consist of single lines. 


TABLE I 
, es ws — ' 
HCl fundamental 2887 2.2 21 O.1 
HCl harmonic 5667 4.3 21 0.2 
HBr fundamental 2550 0.4 17 0.02 
HBr harmonic 5030* °.8 17 0.05 
*Brinsmade and Kemble, Proceedings N , {cademy Scien .. 
422, IQI7. 


Table I shows in column 3 the differences of frequency v’—v”’, 
calculated for the fundamentals and harmonics of HCl and HBr, 
in column 4 the average difference of frequency, v,, between the 
lines corresponding to successive rotational quanta and in column 5 
the ratio vy’—y’’/y,. All frequencies are in wave-numbers per cm. 
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Fic. 3.—The HF band at 2.524, mapped with 7500-line grating 


It is not surprising that no separate lines can be distinguished 
in the fundamentals of HCl (Fig. 1) and HBr (Fig. 2), as the 
expected separations are only ;') and ,') of the respective distances 
between rotational quantum lines. But each rotational quantum 
line in the first harmonic of the HCI spectrum (Fig. 4) shows 


on the long-wave side a distinct satellite of less intensity and 


t Nature, 105, 547, 1920. 
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vw 


separated from it by an average measured interval (see Table IT), 
of 14A or v’—v’’=4.5 wave-numbers, which agrees within the 
probable error of measurement with the calculated value in Table I. 
Clearly these are the predicted lines due to the heavier isotope. 
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Fic. 4.—The HCl band at 1.764, mapped with 20,000-line grating. HCl at 
atmospheric pressure. 


‘r 


Table II shows the measured’ values of the interval v’—» 
for each of the rotational quantum lines in the “harmonic’’ of 
HCl; the numbers of the lines, as in Figure 4, are counted from 
the center, the primed numbers being on the side of the long 
wave-length. The positions of the “secondary maxima” are 
taken as the points where the curve is estimated to lie farthest 
from its ‘‘undisturbed”’ position. 





TABLE II* 
Line A" —dA v=» Line A” —d »—» 

I 12 3.9 Dioxins 14 4.5 
2. II 3-6 i 160 5.1 
<. 13 4.3 ree ; ue 

4. ae 4 10 3.1 
ne, 14 4.6 5 9 2.8 
Wasees 10 5.3 0. 22 0.7 
7: 16 5.3 7’ 

8. 8’ 

Average 14 4.50.4 





*\ in A, » in wave-numbers per cm. 


Imes noticed these satellites and before Aston had published 
his results, remarked: 

The apparent tendency of some of the maxima to resolve into doublets 
in the case of the HCl harmonic may be due to errors of observation, but it 
seems significant that the small secondary maxima are all on the long-wave 
side of the principal maxima which they accompany. It is, of course, possible 
that still higher dispersion applied to the problem may show even the present 
curves to be composite.? 

* Measurements taken from the original curves, through the courtesy of Dr. Imes. 

2 Op. cit., p. 275. 
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The harmonic of HBr was found by Brinsmade and Kemble, 
but not even resolved into rotational quantum lines. It was not 
found by Imes and probably will not easily be resolved into lines 
of separate isotopes when it is found. The fundamental of HF 
(Fig. 3) shows, as expected, no satellites. 


New YorkK UNIVERSITY 
September 1920 


1 Op. cit. 




















ELEMENTS OF THE ECLIPSING SYSTEM RT LACERTAE 
By MARY FOWLER?’ 
ABSTRACT 

Eclipsing system RT Lacertae.—Luizet’s observations, both 1910 and 1915, were 
reduced, a table of normals was prepared, the phases were slightly adjusted and two 
sets of elements were computed, (1) assuming central total eclipses of two equal 
elliptical stars and (2) assuming an obscuration of 0.990 (Table II). The light-curve 
at the minima is shown and a diagram of the system. In spite of the fact that the giant 
stars are less than a diameter apart, there is no evidence of an effect of radiation 
between them; on the contrary they seem actually less luminous at the limb than 
at the center. The system would well repay spectroscopic study. 


In 1915 Shapley? published elements for this star (a = 21" 57™4, 
5=+43°24’ for 1900) which he derived from the combined 
observations of Luizet? and Enebo,‘ but inasmuch as Luizet 
published in the same year’ additional data derived by adding new 
material to his observations, giving an excellent light-curve, it 
appeared worth while to make a new solution. 

Luizet’s observations are here reduced, using the period 54073896 
derived by him, and the magnitudes obtained by changing Luizet’s 
“‘degrees’’ to magnitudes, setting 15.48 degrees equal to magnitude 
8.80 and allowing a difference of one magnitude to twelve degrees, 
as worked out by Shapley. 

Normals were formed by combining those of Luizet in pairs, 
and an adjustment of the phases of minima by least squares 
indicated that a correction of +o4013 is to be applied to all the 
phases, and also that there is in addition a real displacement of the 
secondary minimum by +o%o22. This shows that the orbit is 

*The solution for this star was made by Miss Fowler while a member of the 
Princeton Observatory staff, and left by her at the beginning of the war almost ready 
for publication. At the request of Professor Russell, I have completed a few unfinished 
bits of computation and arranged the paper for publication—BANcrorr WALKER 
SITTERLY. 

2 Contributions from the Princeton University Observatory, No. 3. 

3 Bulletin Astronomique, 27, 306, 1910. 

4 Astronomische Nachrichten, 184, 396, 1910. 


5 Bulletin Astronomique, 32, 68, 1915. 
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slightly eccentric, giving e cos w=+0.00128. As far as can be 
determined from the observations, the durations of primary and 
secondary are equal; hence e sin w is sensibly zero (though far 
less accurately determined than e cos w) and for the purpose of 
finding the elements of the system the orbit may be treated as 
circular. 

The normals give an excellent light-curve, showing two well- 
defined minima with a combined loss of light exceeding unity, a 


Phase from Minimum—Days 
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Phase from Minimum—Days 


Fic. 1.—Light-curve of RT Lacertae at eclipses 


condition suggesting total eclipses of two equal elliptical stars. 
Ellipticity of the stars is also indicated by the bowed form of the 
curve outside eclipse, without constant maximum; and the long 
duration of the eclipses compared with the total period, showing 
that the stars are close together, makes this condition very probable. 
Accordingly the ellipticity constant z was determined in the usual 
way from the light-curve outside minimum, and the light-curve 
“rectified,” making the combined loss of light 0.990. Then two 
solutions were made, assuming stars of equal size, the first solution 
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TABLE I 


TABLE OF OBSERVATIONS, RT LACERTAE 





























| | 
itis Py ae Observed i oe : Dt 
No. suizet’s Adjusted Masni- oC Darkened | U niform w ith 
Phase Phase rm Uniform (Adopted 5 Per Cent 
Curve) Reflection 
Days Days 
eee 0.014 0.027 9.84 +o™rr +0Mo3 +oMo6 
ee ee 0.055 0.068 9.65 +0.07 —0.02 +0.02 
Paiste alae 0.102 O.115 9.47 +0.03 —0.02 +0.02 
a PE eee ee 0.138 O.151 9.38 +0.04 +0.01 +0.03 
Astnsnigee tne Coe 0.168 0.181 9.27 +0.02 0.00 +0.01 
ee ee ee ee 0.197 0.210 9.16 —0.04 —0.03 —0.03 
Se Te rey Wee ©. 247 ©. 260 8.99 —o.II —0.08 —0.10 
5.3. euee wales 0.307 0.320 8.92 —o0.08 —0.06 —o.08 
| ene ee ecey 0.382 0.3905 8.87 —0.04 —0.03 —0.03 
ee eee en 0.469 0.482 8.89 +0.03 +0.03 +0.03 
3 ere Pere ©.500 0.612 ee Bi cen wwee OMB, Bio idueeice dicks 
Ser oy ee 0.734 0.747 = i eee gt a Serre 
WBS 5 ee eacc een 0.935 0.948 = tS Serre: WU, Missi ea 
Dias Seti uainane 1.170 1.183 - 2 Saar ce. a Poe 
Se Oe ee 1.291 I. 304 Dee? Les sien da a, er ee 
ree: See 1.433 1.446 a See 8 a 
STR ook eee kere 1.552 1.565 OS eee oS 
De ck ecantcaiecs I. 700 .7&s% 8 ees re 
BS oh aarti igs Saieie st 1.853 1.866 BO. Sisnindscasd ee 
MRS eR a 2.108 2.121 a arene ee 
Cs icwcrcuseeaa 2.194 2.207 8.90 —0.04 —0.02 —0.02 
Bs citedesaeee 2.269 2.282 8.91 —O.II —0.08 —o.10 
EE ee oe 2.331 2.344 Q.O1 —o.08 —0.07 —0.07 
SE pee eee ee 2.377 2.390 9.21 +0.06 +0.05 +0o0.06 
We ses ieee 2.417 2.430 9.30 +0.08 +0.06 +0.08 
le hee amas te 2.470 2/483 9.36 +0.04 ©.00 +0.05 
ECPI Fee 2.502 2.515 9.43 +0.05 +0.01 +0.06 
AR 2. $32 2.534 9.41 —©.0% —0.03 0.00 
ere Pee 2.545 2.558 9.42 —0.03 —0.03 —0.02 
re oe 2.600 2.613 9.39 +0.03 —0.0O1 +0.05 
Oats cis sheen wa 2.672 2.685 9. 26 +0.04 +0.02 +0.05 
Rian See eine 2.744 2.757 9.08 —0.03 —0.03 —0O.OI 
BN GE s ae obese ate 2.793 2.806 9.00 —2.04 —0.03 —0.03 
) a ee ee 2.886 2.899 8.98 +0.03 +0.05 +0.05 
OS eee eer 2.987 3.000 8.86 —0.02 —0O.0o1 0.01 
Be tnoceearnial 3.102 3.xasg aS eee co. a ee 
(a eegew ge Ee 3.179 3.192 a ores TOO bi.6ch 00505 
De he epoca lene 3.239 3.252 _S Og) ASGlaae eer a, ae ee 
Mga tematic a. Sead 3-375 3.388 > ere WOE Basccvnccus 
Bee s.acticia cee 3.534 3.747 Re Es. cap cinemas FO.08 -b.... Sse 














260 MARY FOWLER 


TABLE I—Continued 

















| , | , Observed | O-C _O-C . 
No. Luizet’s Adjusted Magni- o-C Darkened | Uniform with 
Phase Phase tude | Uniform (Adopted | 5 Per Cent 
| Curve) | Reflection 
Days Days | 
er eee 3.678 3.691 2 Sere | -+roMo3 |......---- 
NT eee 3.823 3.836 3 Seer BUG Fs kkce wend 
Te eee 3.951 3.904 ge Seer ee Oe be5.5- 0.508 
OE ee Pa 4.052 4.005 BOE Ev pee kowexd Sn a ee 
ape tedeulecs 4.170 4.183 BOG Bawawe yeomwrs | ©O.00 |..-.seeees 
ss etn ere Beis 4.335 4.348 I) ee | we aR Rae eee 
PEE Ee | 4.485 4.498 ge eee WOO fe ose ae 
Meare sacalas 4.589 4.602 8.89 +0.03 +0.03 +0.03 
Ee .| 4-724 4.337 Q.00 +0.01 +0.04 +0.03 
Ee ee eee 4.805 4.818 9g.00 —0.I1 —0.08 —0o.10 
Pere at eet er ee 4.874 4.887 9.30 +0.04 +0.04 +0.04 
rsntiae nae 4.914 4.927 9.41 +0.06 +0.03 +0.04 
Oe sven eid aees 4.952 4.965 9.51 +0.05 0.00 +0.03 
artis: acuresaro eon t¥ie% 4.989 5.002 9.65 +0.09 —0.02 +0.04 
NS Seis aiprene ase Hora 5.017 5.030 9.68 +0.02 —o0.08 —0.02 
Pcs wtiwadeten | §.0g2 5.054 9.80 +0.04 —0.02 0.00 
We tie So. tgeb arreraercrat 5.062 5.075 9.89 +0.05 +0.05 +0.04 




















Probable Error of one normal, on ‘‘darkened” hypothesis = =oMo236. 


on the “uniform” hypothesis, with central total eclipses, the second 
on the ‘‘darkened’’ hypothesis, with eclipses just failing to be total, 
the percentage of obscuration being 0.990. Table I gives the 
normals formed by pairing Luizet’s observations, and the residuals 
for the two solutions, and Figure 1 gives the curves at the two 
minima. It is quite evident that the “darkened” curve gives 
much the better fit, for the other is obviously not steep enough 
during eclipse, points corresponding to small percentages of obscura- 
tion lying generally above the computed curve, while those near 
totality fall below the curve. 

The curve between eclipses shows no evidence of an effect of 
radiation between the stars. But since by either of the solutions 
they are separated from one another by less than the diameter of 
one of them, some such effect might be expected, and Professor 
Russell suggested that an assumption of this nature might improve 
the “uniform” solution. Such a solution was therefore made, 
assuming that the side of each star toward the other was brightened 
by approximately 5 per cent of the system’s total light—a value 
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much exceeding that found for any eclipsing system except TV 
Cassiopeiae, and hence a reasonable outside limit—but the curve 
so computed could not be made to fit the observations, however 
the constants were varied, as well as the ‘‘darkened”’ curve, though 
it was some improvement on the “uniform” curve, as shown by the 
residuals given in Table I with the others. 

It appears then that the stars are actually less luminous at the 
limb than at the center. It is usually possible, even in such a case, 


TABLE II 
TABLE OF ELEMENTS, RT LACERTAE 
EPOCH AND PERIOD =J.D.2418024.444 G.M.T. +040009+(54073896+0%00029) E 














VALUE 
ELEMENT SYMBOL 
Uniform Darkened 
ee ee. oe re k I ..000. 1.000 
Maximum percentage of eclipse.......... Qo 1.000 ©.990 
DO NE BB oo bis vck in dies cansees a, =a, ©. 204 0.277 
IE IIB isso gies Sa sevieawane eens b, =), ©. 262 ©. 267 
z ing mn ; F grease 

Eccentricity of meridian section of stars. . . | €=Vzcosec*2 0.334 0.264 
Normal component of orbital eccentricity.. | € COS w +0.00128 
ee eS ee i 90°0’ ~=—s_- 89°10" 
Least apparent distance of centers........ cos # ©.0000 0.0146 
Light of brighter star................... | L, 0.585 
LAME OE GRIREOE BEBE. oon. 5 osincccsecvesess Ly 0.415 
Ratio of surface brightness of stars....... Ji/Jy 1.41 
Density of stars in terms of sun.......... Py = Py 0.013 
Light of brighter star in terms of sun..... L, 15 
Greatest radius of stars in terms of sun.... a, = ay 4.3 
Absolute magnitude of brighter star... ... M, +1.8 
eh cae titi wra wy binacamaios weal ss . 0"0029 
I on i. Siacccclnne keds ee uiwaemecn we eaebe 1100 
TN oe tei are cava. sev ara olace aig nee nesawmny aoe nee G; 








to obtain a fairly close representation of the observations on the 
assumption of uniformly illuminated disks, by varying the elements, 
but in the present instance, where the observations clearly demand 
nearly total eclipses of nearly equal stars, this cannot be done, 
and distinction between the two hypotheses is definitely possible. 

The adopted “darkened” curve for primary minimum is fitted 
to the secondary minimum by simply changing the light-intensity 
in the ratio of the depth of the secondary to the primary, and 
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displacing the curve in time by the amount indicated in the least- 
squares solution for e cos w. 

Table II gives elements for the system, computed on both 
“uniform” and “darkened” hypotheses, without including effect of 
radiation, which has no warrant from the actual observations. It 
is evident that for both hypotheses these elements are almost 
identical; the “darkened” stars are not so elliptical in figure as 
the others, and the ‘‘uniform”’ solution makes the orbit exactly 
edge-on to us, while the “‘darkened”’ orbit-plane makes a small 
angle, less than one degree, with the line of sight. The hypothetical 


Misa” 


b] 





Fic. 2.—RT Lacertae at elongation and at primary minimum according to the 
*‘darkened’’ solution. 


densities, dimensions, absolute magnitude, and parallax were 
computed by the method Shapley gives.t. The surprisingly low 
density, taken with the spectral type, G5, shows this pair to be 
typical “‘giants’”’ and a system which would well repay careful 
spectroscopic study with a view to determining absolute physical 
elements. The magnitude of the fainter star is about 9.9, which 
should put its spectrum within the reach of our more powerful 
spectrographs, and since the hypothetical dimensions of the system 
give at elongation a relative velocity in the line of sight of 150 
km/sec., the spectra of the components should be separable even 
though the lines be broad and ill defined. 

Figure 2 illustrates the system as seen from the earth. 

PRINCETON UNIVERSITY OBSERVATORY 

June 1920 


1 Contributions from the Princeton University Observatory, No. 3, pp. 9, 117- 


























PREPARATION OF ABSTRACTS 


Every article in the Astrophysical Journal, however short, is to be preceded 
by an abstract prepared by the author and submitted by him with the manu- 
script. The abstract is intended to serve as an aid to the reader by furnishing 
an index and brief summary or preliminary survey of the contents of the article; 
it should also be suitable for reprinting in an abstract journal so as to make 
a reabstracting of the article unnecessary. Therefore, the abstract should 
summarize the information completely and precisely, and also, in order to enable 
a reader to tell at a glance what the article is about and to enable an efficient 
index of the subject-matter of the abstract to be readily prepared, the 
abstract should contain a set of subtitles which together form a complete and precise 
index of the information contained in the article. 

In the preparation of abstracts, authors should be guided by the following 
rules, which are illustrated by the abstracts appearing in the Astrophysical 
Journal since January 1920.'' First the new information contained in the 
article should be determined by a careful analysis; then the subtitles should 
be formulated; and finally the text should be written and checked. 


RULES 


1. Material not new need not be analyzed or described; a valuable sum- 
mary of previous work, however, should be noted. 

2. The subtitles should together include all the new information; that is, 
every measurement, observation, method, improvement of apparatus, sug- 
gestion, and theory which is presented by the author as new and of value 
in itself. 

3. Each subtitle should describe the corresponding information so precisely 
that the chance of any investigator’s being misled into thinking the article 
contains the particular information he desires when it does not, or vice versa, 
may be small. ‘‘Zeeman effect for metallic furnace spectra” is too broad 
unless all metals have been studied, for an investigator may be interested, 
at the time, in only one metal; but “Infra-red arc spectrum of iron to 3 uw” 
evidently satisfies this rule. It is particularly desirable that ranges of varia- 
tion of temperature, wave-length, pressure, etc., be given. 

4. The text should summarize the author’s conclusions and should tran- 
scribe all numerical results of general interest, including all that might be looked 
for in a table of astronomical and physical constants, with an indication of the 


* The rules and illustrative abstracts were prepared by G. S. Fulcher, while 
Scientific Associate with the National Research Council. 
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accuracy of each. It should give all the information that anyone, not a 
specialist in the particular field involved, might care to have in his notebook. 

5. The text should be divided into as many paragraphs as there are dis- 
tinct subjects concerning which information is given. Parts of subtitles 
may be scattered through the text but the subject of each paragraph must 
be indicated at the beginning. 

6. Complete sentences should be used except in the case of subtitles. The 
abstract should be made as readable as the necessary brevity will permit. 





